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Abstract
Let α be a real algebraic number of degree 3. In this paper, by using the cubic formula
of the cubic equation and the properties of the continuous function f(x) = (1 + pθ)x in
the p−adic number fieldQp, I prove that if rational fraction p1/q1 such that |α−p1/q1| <
q−2−τ1 (τ > 0), then q
τ
1 < C. (where C = C(α) is an effectively computable constant.)
In particular, the sequence of partial quotients of continued fractions expansion of any
real algebraic number of degree 3 is bounded.
In fact, we can conjecture that the sequence of partial quotients of continued fractions
expansion of any real algebraic number is bounded.
Keywords: rational approximation, continued fraction, consecutive convergents,
greatest prime factor, p−adic number, p−adic number fieldQp, p−adic valuation.
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1. Introduction:
Let α is a real algebraic number of degree n ≥ 2, there is a computable number c =
c(α) such that
|α− p/q| > cq−n.
for all rational numbers p/q. This follows directly from the definition of an algebraic
number,as was shown by Liouville in 1843; Axel Thue[3] was the first to prove a stronger
result when n ≥ 3; he showed that the inequality
|α− p/q| < q−0.5n−1−τ , τ > 0,
1
has at most finitely many solutions (p, q), (p, q) = 1.
A further improvment was made by Siegel[4] in 1921; he proved that
|α− p/q| < q−n(s+1)−1−s−τ , τ > 0, 1 ≤ s < n.
has at most finitely many solutions (p, q), (p, q) = 1.
A further weakening was made by Dyson[5] and Gelfond[6] independently in 1948.
They proved that
|α− p/q| < q−
√
2n−τ , τ > 0.
has at most finitely many solutions (p, q), (p, q) = 1.
Finally in 1955 Roth[7] obtained the best result, he proved that
|α− p/q| < q−2−τ , τ > 0.
has at most finitely many solutions (p, q), (p, q) = 1.
We know that there are infinitely many p/q, (p, q) = 1 with
|α− p/q| < q−2.
For any given α, with degree degα ≥ 3, It is still unknown whether is badly approx-
imable, i.e. whether there exists a c > 0 so that
|α− p/q| > cq−2,
for every rational p/q. The conjecture[1] is that this holds for no algebraicα of degree≥ 3.
Another conjecture[1] is that the inequality
|α− p/q| < 1/q−2(log q)k,
has only finitely many solutions p/q for k > 1.
In this paper, I prove the following
Theorem : Let α is a real algebraic number of degree n = 3, if the inequality
|α− p/q| < q−2−τ , q, τ > 0, (p, q) = 1. (1)
has rational number solutions p, q, then qτ < C = C(α) (where C is an effectively com-
putable constant).In particular, the sequence of partial quotients of continued fractions
expansion of any real algebraic number of degree 3 is bounded.
The second part of the theorem is true because a property of continued fraction.i.e.,
If |p/q − α| < 1/2q−2, then p/q is a convergent.
So we only need to prove the first part of the theorem.
2. Preliminaries:
In this section,α is an arbitrary real number rather than a cubic algebraic number.
We first give some basic properties of continuous fractions of real numberα.
Let p1/q1, p2/q2 (q1 < q2) are two consecutive convergents toα, since the convergents
are alternately less and greater thanα, we have
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∣∣∣∣
p1
q1
− α
∣∣∣∣+
∣∣∣∣
p2
q2
− α
∣∣∣∣ =
∣∣∣∣
p1
q1
− p2
q2
∣∣∣∣ =
1
q1q2
, p2q1 − p1q2 = ±1. (2)
write
ε1 =
p1
q1
− α = ±1
q1(wq1 + q0)
=
±1
q2+τ1
, ε2 =
p2
q2
− α = ∓1
q2+σ2
, (τ > 0, σ > 0) (3)
Note that w = [w]+w′, 0 < w′ < 1, so q2 = [w]q1+ q0 = wq1+ q0−w′q1 = q1+τ1 −w′q1 =
q1+τ1
(
1− w′q−τ1
)
. hence
q2 = q
1+τ
1
(
1− w′q−τ1
)
. (4)
We have by (3) and (4)
ε2 = −s ε1, s = q−τ1 q−σ2
(
1− w′q−τ1
)−2
. (5)
It is clear that s > 0, for 0 < w′ < 1, qσ2 > 1. so s→ 0 when qτ1 →∞. we substitute (3)
into (2) we have
1
q2+τ1
+
1
q2+σ2
=
1
q1q2
(6)
We substitute (4) into (6) we obtain
1
q2+τ1
+
1
qσ2 q
2+2τ
1 (1− w′q−τ1 )2
=
1
q2+τ1 (1− w′q−τ1 )
(7)
Multiplying two side of (7) by q2+τ1 we obtain
1 +
1
qτ1q
σ
2 (1−w′q−τ1 )2
=
1
1− w′q−τ1
(8)
So (8) gives
1 + s =
1
1− w′q−τ1
, i.e. (1 + s)(1− w′q−τ1 ) = 1, (9)
by (5). Combining (4) (9) we also have
q2q1 = q
2+τ
1 (1−w′q−τ1 ) = ±ε−11 (1 + s)−1. (10)
Lemma 1[2]: Let f ∈ Z[x, y] be a binary form such that among the linear factors in
the factorization of f at least three are distinct. Let d be a positive integers. and P be
the greatest prime factor of f(x, y). Then for all pairs of integers x, y with (x, y) = d,
P >> loglogX, (11)
where X = max(|x|, |y|) > e and the possible constant implied by the >> symbol only
depends on f and d and is effectively computable.
We need some properties of the p-adic numbers field Qp and integral domain Zp[
√−3].
Lemma 2[8]: Let
√−3 6∈ Zp. For θ ∈ Zp[
√−3] the function f(x) = (1 + pθ)x is
a continuous function from Zp to 1 + pZp[
√−3]. i.e. For any x ∈ Zp, there exists
β ∈ Zp[
√−3] such that
(1 + pθ)x = 1 + pβ, β ∈ Zp[
√−3]. (12)
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3. Proof of the theorem :
Suppose α is real algebraic of degree 3 satisfies an equation
ax3 + bx2 + cx+ d = 0, a 6= 0, a, b, c, d ∈ Z (13)
and its discriminant on x is
∆ = −27 a2d2 + 18 adcb + b2c2 − 4 b3d− 4 c3a (14)
Notice that if qτ ≥ 2, then p/q is convergent to α in (1). So we just need to consider
the convergent to α. Let p1/q1, p2/q2 (q1 < q2) are two consecutive convergents to α,
we have
α =
p2β + p1
q2β + q1
(15)
Substitute this in (13) we obtain
Aβ3 +Bβ2 + Cβ +D = 0 (16)
where
A = ap32 + bp
2
2q2 + cp2q
2
2 + dq
3
2 ;
B =
(
3 ap22 + 2 bp2q2 + c q
2
2
)
p1 +
(
b p22 + 2 cp2 + 3 dq
2
2 q2
)
q1;
C =
(
3 ap21 + 2 bp1q1 + c q
2
1
)
p2 +
(
b p21 + 2 cp1 + 3 dq
2
1 q1
)
q2;
D = ap1
3 + bp1
2q1 + cp1 q1
2 + dq1
3.
(17)
discriminant of (16) on β is
−27A2D2 + 18ABCD +B2C2 − 4B3D − 4AC3 = (p2q1 − p1q2)6∆ = ∆. (18)
We will prove that qτ1 cannot be too large in (18).
We may write (18) as a cubic equation on B (∆ fixed)
−4DB3 + C2B2 + 18CADB − 27A2D2 − 4AC3 −∆ = 0. (19)
Using the cubic formula of the cubic equation, we can decompose the left side of (19)
into three factors T1, T2 and T3, therefore
T1 T2 T3 = 0, (20)
where
T1 = 12DB − C2 − 3
√
E + 12
√
F − 3
√
E − 12√F ;
T2 = 12DB − C2 − ω 3
√
E + 12
√
F − ω2 3
√
E − 12√F ;
T3 = 12DB − C2 − ω2 3
√
E + 12
√
F − ω 3
√
E − 12√F.
(21)
where ω 6= 1, ω3 = 1, and
E = C6 − 108D2 (54A2D2 + 2∆+ 5AC3).
F = 3D2 (324D2C6A2 − 8748D4C3A3 − 4C9A+ 78732D6A4
+5832D4A2∆− C6∆+ 108D2∆2 + 540D2∆AC3).
(22)
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We shall prove that
Lemma 3 : If qτ1 sufficiently large, then T1 6= 0, T2 6= 0, T3 6= 0. so (20) or (19) is
impossible.
It immediately follows that the theorem is true from the lemma 3.
First, we have
p2 = q2(α+ ε2), p1 = q1(α+ ε1), ε2 = −s ε1.
by (3) and (5). Substitute this in (17) we obtain
A = q32 u ε1 s (−1 + µsε1 − δs2ε21);
B = q22q1 u ε1 (1− 2 s+ µ (−2 + s) sε1 + 3 δs2ε21);
C = q2q
2
1 u ε1 (2− s− µ (−1 + 2 s) ε1 − 3 δsε21);
D = q31 u ε1 (1 + µε1 + δε
2
1).
(23)
where u = 3aα2 + 2bα+ c, v = 3aα+ b, µ = vu−1, δ = au−1.
Note that s→ 0 also a fortiori ε1 → 0 when qτ1 sufficiently large by (4) and (5).
In order to prove thatT2 6= 0, T3 6= 0, we only need to prove F > 0 when qτ1 sufficiently
large.
Combining (18), We can simplify the second equality of the (22) into
F = 3D2
(
48D2B2 − 288ACD2 − C4 − 8BC2D) (9ACD − 6B2D +BC2)2 . (24)
Substitute (23) in the first bracket of the (24), and note that s > 0, we obtain
48D2B2 − 288ACD2 − C4 − 8BC2D
= q42q
8
1u
4ε4(83 s− 192 s2 + 1280µ s ε1 + · · · ) > 0.
(25)
So F > 0 for sufficiently small s, hence
3
√
E + 12
√
F,
3
√
E − 12√F are two unequal real
numbers. Note thatω2 + ω + 1 = 0, hence T2 6= 0, T3 6= 0.
Now let’s prove T1 6= 0.
Note that (22), the first equality of (21) can be rewritten as
T1 = 12DB − C2 − C2 3
√
1− 12Dξ − C2 3
√
1− 12Dξ¯ (26)
where
ξ = C−6(9DE′ +
√
3F ′), ξ¯ = C−6(9DE′ −
√
3F ′). (27)
and
E′ = 54A2D2 + 2∆+ 5AC3,
F ′ =
(
48D2B2 − 288ACD2 −C4 − 8BC2D) (9ACD − 6B2D +BC2)2 . (28)
Let p > |3∆| be the greatest prime factor of D, by the forth equality of (17) and lemma 1
and for sufficiently large q1. Also (p,C) = 1, by (18). Otherwise p|∆ which is impossible.
For the above determined prime number p, we apply lemma 2 to consider (26) in the
p-adic numbers field Qp.
Note that p|D, p 6 |C, 1/2 ∈ Zp, 1+8DC−4N ∈ 1+pZp, so MC2
√
1 + 8DNC−4 ∈ Zp.
√
3F ′ = MC2
√
1 + 8DNC−4 · √−3 ∈ Zp[
√−3]. (29)
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whereM =
∣∣9ACD − 6B2D +BC2∣∣ , N = BC2 + 36ACD − 6B2D.
Whether
√−3 ∈ Zp or
√−3 6∈ Zp,
√
3F ′ ∈ Zp[
√−3], and vp(ξ) ≥ 0, vp(ξ¯) ≥ 0
from(27). Therefore 12Dξ ∈ pZp[
√−3], 12Dξ¯ ∈ pZp[
√−3]. Note that 1/3 ∈ Zp, hence
there exist β, β¯ ∈ Zp[
√−3] such that
3
√
1− 12Dξ = 1 + pβ, 3
√
1− 12Dξ¯ = 1 + pβ¯. (30)
by the lemma 2. Therefore we get
C2 +C2 3
√
1− 12Dξ + C2 3
√
1− 12Dξ¯ = 3C2 + pC2 (β + β¯). (31)
Since p 6 |3C2, (31) gives vp
(
C2 + C2 3
√
1− 12Dξ + C2 3
√
1− 12Dξ¯
)
= 0. Note that vp(12DB) ≥
1, we have
vp(T1) = vp
(
12DB − C2 − C2 3√1− 12Dξ −C2 3
√
1− 12Dξ¯
)
= vp
(
12DB − 3C2 − pC2 (β + β¯))
= min
{
vp(12DB), vp(3C
2 + pC2 (β + β¯)
}
= vp
(
3C2 + pC2 (β + β¯)
)
= 0.
(32)
Hence T1 6= 0.
From the above discussion, we can see that the upper bound of qτ1 can be calculated
effectively.
This completes the proof of the lemma 3.
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